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ABSTRACT 
Due to the variety of treatment processes, the decision to choose the best treatment process is difficult. This paper 

describes a fuzzy grey relational analysis (GRA) method for selection of the optimal wastewater treatment process. 

The rating of all alternatives and the weight of each criterion is described by linguistic variables, which can be 

expressed in triangular fuzzy numbers. Then, a vertex method is used to calculate the distance between two triangular 

fuzzy numbers. According to the concept of the GRA, a fuzzy relative relational degree is defined to determine the 

ranking order of all alternatives by calculating the degree of fuzzy grey relational coefficient to both the fuzzy positive 

ideal solution (FPIS) and fuzzy negative ideal solution (FNIS) simultaneously. Furthermore, a case study is carried 

out and solved by both methods (i.e., GRA and fuzzy GRA) to show the feasibility and effectiveness of the proposed 

method. In the case study, five anaerobic wastewater treatment alternatives are evaluated and compared against 

technical, economic, environmental and administrative criteria and their sub-criteria. Finally, the related results of 

ranking alternatives from two methods are compared with each other's. By using both Fuzzy GRA and GRA, ABR 

process has been selected as the first priority and the best anaerobic process. The frequency count assessment of the 

Iran's industrial parks' WWTPs which have used this method and their performance, proved the priority of this method. 

Key words: Decision Making, Fuzzy, Grey Relational Analysis, Multi-Criteria, Selection  
List of Abbrivation  
GRA: Grey Relational Analysis 

FGRA: Fuzzy Grey Relational Analysis 

FPIS: Fuzzy Positive Ideal Solution 

FNIS: Fuzzy Negative Ideal Solution 

MCDM: Multi-Criteria Decision Making 

DMs: Decision Makers 

WWTP: Wastewater Treatment Plant 

WWT: Wastewater Treatment 

UASB: Up-flow Anaerobic Sludge Blanket 

UAFB: Up-flow Anaerobic Fixed Bed Reactor 

ABR: Anaerobic Baffled Reactors 

 

INTRODUCTION 
Recently, public knowledge about water scarcity and 

pollution has improved. Also relevant laws and 

regulations have become stringent. Therefore, the 

number of wastewater treatment facilities are rising. In 

this context, the selection of the wastewater treatment 

process is a challenging; hence, knowledge from 

experts, researches, engineers and operators is 

necessary [1]. 

Due to the variety of treatment processes and effective 

parameters, existence of sustainability assessment 

scheme for environmental, economic and social 

parameters during life cycle is important [2]. Various 

factors affect the selection complexity of the 

new/retrofitted treatment facilities, including water 

scarcity, increasing the number of treatment options, 

emphasize on balancing of technical, environmental, 

economic and social standards in water projects. 

Therefore, the DM is more complicated and requires 

using of decision support tools that can consider the 

complexity of selecting treatment technologies [3]. 
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The scenario-based decision making systems, reduce 

selection complexity of appropriate wastewater 

treatment processes [2]. Selecting the best wastewater 

treatment process is depended on various factors that 

usually are done by using separate ways for the true 

assessment of multi-criteria evaluation [3]. In 

traditional MCDM methods, the ratings and weights of 

the criteria are known precisely [4-5]. In general, 

decision maker’s judgments are often uncertain and 

cannot be estimated by an exact numerical value. 

Thus, the selection problem has many uncertainties 

and difficulties. 

The grey system theory developed by Deng [6] has 

been widely applied to various fields, such as 

engineering prediction and control, social and 

economic system management, and environmental 

system decision making [7-9]. It has been proven to be 

useful for dealing with poor, incomplete and uncertain 

information. 

Several authors have been applied some MCDM 

methods and the fuzzy set theory to deal with the 

selection problem. Zhang and Liu proposed an 

intuitionist fuzzy MCDM with grey relational analysis 

for personnel selection problem [10]. In another study, 

a fuzzy multi-criteria approach is used to allocate the 

best landfill disposal site among the given alternative 

sites [11]. 

In this analysis, environmental, economic and 

technical issues in both quantitative (e.g. cost and 

place requirements) and qualitative (e.g. flexibility 

and impact) scales are considered. However, some 

parameters like reliability are positive whereas others 

are negative, such as effects. In evaluating method, 

differences must be considered. 

Higher reliability, has higher score in the ranking of 

this parameter, while higher impacts obtains a lower 

score for this parameter [1]. 

Selection of an appropriate treatment process is an 

important issue before designing and implementing 

any wastewater treatment plant (WWTP). MCDM 

techniques are generally enabled to structure the 

problem clearly and systematically. With this 

characteristic, the decision makers (DMs) have the 

possibility to easily examine and scale the problem in 

accordance with their requirements [12]. 

The DMs face up to the uncertainty and vagueness 

from subjective perceptions and experiences in the 

decision-making process [13]. The vagueness and 

inadequacies which are related to the conventional 

methods, especially in the process selection, made 

researchers use fuzzy MCDM methods. 

At first grey relational analysis (GRA) was introduced 

by Deng [14] and its applications were emerged in 

different MADAM problems [15 - 17]. 

Users may be more willing to accept a solution coming 

from the GRA since the idea of GRA is intuitively 

similar to human problem-solving behavior and hence 

may be easier for non-technical users to understand it 

[18]. 

The grey theory is one of the new mathematical 

theories born out of the concept of the grey set. It is an 

effective method used to solve uncertainty problems 

with discrete data and incomplete information. 

Generally, the grey numbers and variables present a 

system with uncertain information which in technical 

terminology the whole system is called a grey system. 

The concept of a grey system is illustrated in Fig.1. 

 
Fig.1: The concept of a grey system (Lee et al.) 

The GRA method has been used in many studies. In 

many situations, the preference information on criteria 

is uncertain and inconsistent, so a grey possibility 

degree is presented to select the ideal alternative based 

on grey numbers. This method is very suitable for 

solving the group decision-making problem in an 

uncertain environment [19]. The GRA method is to 

analyze the relational grade for discrete sequences. It 

uses information from the grey system to dynamically 

compare each factor quantitatively. The GRA is one of 

the major directions among the current applications of 

the grey system theory. It has been proven to be useful 

for dealing with poor, incomplete and uncertain 

information. The grey relational grade indicates the 

degree of similarity between the comparability 

sequence and the reference sequence [20]. 

The paper is organized as follows. Firstly, the GRA 

and fuzzy GRA methods have been described. 

Secondly, the case study problem is explained, and the 

alternatives and the criteria have been determined. 

Finally, the application of these methods for selecting 

the best anaerobic wastewater treatment process based 

on the field studies in Iran's industrial estates is 

described and the related results of these two methods 

are discussed and compared. 

 

MATERIALS AND METHODS 
When the measurement units of the criteria 

performance are different, the influence of some 

criteria may be neglected. This may also happen if 

some criteria performances have a very large range. In 

addition, if the goals and directions of these criteria are 

different, it will cause incorrect results in the analysis 

[21]. So, the main procedure of GRA is firstly 

translating the performance of all alternatives into a 

comparability sequence. Secondly, experimental data 

are normalized in the range between 0 and 1, which is 
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also called the grey relational generating. According 

to these normalized experimental data, a reference 

sequence (ideal target sequence) is defined. Then, the 

grey relational coefficients between all comparability 

sequences and the reference sequence are calculated.  
To this end, the grey relational grade was estimated 

based on these grey relational coefficients which were 

between the source (reference) sequence and each 

comparability sequence. If a comparability sequence 

from an option has the highest grey relational grade, 

that option will be the best choice [22]. The procedures 

of grey relational analysis are illustrated in Fig. 2. 

 

 

 

 

 

 

 

 

 

 
Fig. 2: Procedure of the grey relational analysis (Kuo et al.) 

The likeness between the dependent feature and the 

independent feature are the most determining, 

especially when FGRA is used in the case of selecting 

the most predictive features. The features that have 

high similarity will set up the optimal feature set. The 

FGRA is also used to retrieve the nearest projects to 

the reference project by measuring the similarity 

degree between the reference project and all other 

comparative projects. 

Grey relational analysis 
The GRA procedure is as Cheng and Wang [23] that a 

higher grey relational grade indicates that the 

compared sequence is the most similar to the reference 

sequence. The procedure of the GRA method is as 

follow: 

Step 1: A committee of decision makers is formed and 

the criteria weights of alternatives are identified. 

Assume that a decision group has K persons, and then 

the criteria weight of criterion j can be calculated by:  

 K

jjjj www
K

w  ...
1 21  (1) 

Where, 

K

jw
 (j = 1, 2 . . . n) is the criterion weight 

of the Kth DMs and can be described by grey number  

 K

j

K

j

K

j www ,
 

Step 2: The criteria rating value can be calculated by: 

                                                           
1 Fuzzy Positive Ideal Solution 

 K
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K
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1 21    (2) 

Step 3: Establish the grey decision matrix. 
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Step 4: Normalize the grey decision matrix. 

The normalization method is to preserve the property 

that the ranges of the normalized grey umber belong to 

[0, 1]. 

Step 5: Establish the weighted normalized grey 

decision matrix.  

Step 6: Make the ideal alternative as a referential 

alternative.  

Step 7: Calculate the grey possibility degree between 

compared alternatives set and ideal referential 

alternative. 

Step 8: Rank the order of alternatives. 

Fuzzy grey relational analysis 
The procedure of the fuzzy grey relational analysis 

with an algorithm of multi-person MCDM with a 

fuzzy set approach is given as follows. 

Step 1: Assume that a decision group has K persons. 

So, the importance of the criteria and the rating of 

alternatives with respect to each criterion can be 

calculated by: 

𝒳𝑖𝑗 =
1

𝐾
(�̃�𝑖𝑗

1 + 𝒳𝑖𝑗
2 + ⋯ + 𝒳𝑖𝑗

𝐾),�̃�𝑗 =
1
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(�̃�𝑗
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2 + ⋯ + �̃�𝑗

𝐾)     (4) 
The fuzzy problem can be concisely expressed in a 

matrix format that 
ijx~

and 
jw~
 are linguistic variables 

that can be described by triangular fuzzy numbers, 
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Step 2: The normalized fuzzy decision matrix is 

obtained as denoted by R
~

. 

�̃� = [�̃�𝑖𝑗]
𝑚∗𝑛

= [𝑟𝑖𝑗
𝐿 , 𝑟𝑖𝑗

𝑀 , 𝑟𝑖𝑗
𝑈]

𝑚∗𝑛
        (5) 

Step 3: The weighted normalized fuzzy decision 

matrix can be used in the following equation 

considering the different importance of each criterion. 

�̃� = [�̃�𝑖𝑗]
𝑚×𝑛

= [�̃�𝑖𝑗 × �̃�𝑗]
𝑚×𝑛

 , i=1, 2… m;   j=1, 2… 

n     (6) 

Step 4: Defining the (FPIS1, Y+) and (FNIS2, Y-) as:  

   nyyyY ~,...,~,~
21 ,

   nyyyY ~,...,~,~
21         (7) 

2 Fuzzy Negative Ideal Solution 

Grey relational generating 

Reference sequence definition 

Grey relational coefficients 

calculation  

Grey relational grade calculation 
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Where, �̃�𝑗
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Step 5: Calculating the fuzzy grey relational 

coefficient of each alternative from FPIS and FNIS 

using the following equation, respectively. Where the 

identification coefficient
5.0

. 

Step 6: Using FPIS and FNIS the following equation 

can be written to determine the degree of the fuzzy 

grey relational coefficient of each alternative. 


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1
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, i=1, 2, …, m.   (8) 

Step 7: Calculating the fuzzy relative relational degree 

of each alternative from FPIS by using the following 

equation. 

)/(   iiiiC 
,   i=1, 2… m.     (9) 

Step 8: According to the fuzzy relative relational 

degree, the ranking order of all alternatives can be 

determined. If any alternative has the highest Ci value, 

then it is the most important alternative. 

 

RESULTS  
Assume that A= {A1, A2,... Am} is a discrete set of m 

possible process options, C= {C1, C2, ..., Cn} is a set 

of n criteria and W is the vector of criteria weights. In 

this paper, the criteria weights, and ratings of options 

are considered as linguistic variables, grey number a 

triangular fuzzy number. Here, these linguistic 

variables expressed by the 1–7 scale as shown in Table 

1. The criteria ratings also expressed as shown in Table 

2. 

 nwwwG  ,...,, 21  
In the case study, the selection of the best anaerobic 

wastewater treatment process, based on the 

wastewater treatment plants conditions that are in 

operation in Iran's industrial estates is considered. The 

process selection criteria have been issued on the basis 

of objectivity in industrial estates and consist of 

technical, economic, environmental and 

administrative criteria. The alternatives include five 

anaerobic treatment processes, which are operating in 

Iran industrial estates. These are as follows:  

1) Up-flow Anaerobic Sludge Blanket (UASB) 

operating in 9 industrial estates in Iran; 

2) Up-flow Anaerobic Fixed Bed Reactor (UAFB), 

operating with 7 reactors currently; 

3) Anaerobic Baffled Reactors (ABR) used as an 

anaerobic system of many treatment plants in Iran's 

industrial estates;  

4) Contact anaerobic process operating as an anaerobic 

system of one of Industrial estate's treatment plant 

successfully, and designing in some other estates; and  

5) Anaerobic lagoons operating in some wastewater 

treatment plants of industrial estates in Iran. 

Grey Relational Analysis Method 

To solve the problem with this method following steps 

has been done: 

Step 1: Three decision-makers (DMs) evaluate the 

importance of criteria by using the linguistic variables, 

as described in Table 1. The importance weights of the 

criteria as grey numbers are shown in Table 3. 
Table 1: Linguistic variables for the importance weight of 

each criterion 
Linguistic 

variables 

Importance Weights 

G  
Triangular fuzzy numbers 

Very low (VL) [0.0, 0.1] (0, 0, 0.2) 

Low (L) [0.1, 0.3] (0.1, 0.2, 0.3) 

Medium low (ML) [0.3, 0.4] (0.2, 0.35, 0.5) 

Medium (M) [0.4, 0.5] (0.4, 0.5 ,0.6) 

Medium high (MH) [0.5, 0.6] (0.5, 0.65, 0.8) 

High (H) [0.6, 0.9] (0.7, 0.8, 0.9) 

Very high (VH) [0.9, 1.0] (0.8, 1,1) 

Table 2: Linguistic variables for ratings 
Linguistic variables Scale of  rating 

G  
Triangular fuzzy 

numbers 

Very poor (VP) [0, 1] (0, 0, 2) 

Poor (p) [1, 3] (1, 2, 3) 

Medium poor (MP) [3, 4] (2, 3.5, 5) 

Fair (F) [4, 5] (4, 5, 6) 

Medium good (MG) [5, 6] (5, 6.5, 8) 

Good (G) [6, 9] (7, 8, 9) 

Very good (VG) [9, 10] (8, 10, 10) 

 

Table 3: Criteria weights for alternatives 
Criteria G

of linguistic variables 
Grey numbers 

(
G

)  DM1 DM2 DM3 

Technical  [0.90, 1.00] [0.60, 0.90] [0.90, 1.00] [0.80, 0.97] 

Economical [0.60, 0.90] [0.60, 0.90] [0.60, 0.90] [0.60, 0.90] 

Environmental [0.60, 0.90] [0.60, 0.90] [0.50, 0.60] [0.57, 0.80] 

Administrative [0.50, 0.60] [0.50, 0.60] [0.60, 0.90] [0.53, 0.70] 

Step 2: Linguistic variables which are presented in 

Table 2 have been used for rating of alternatives 

assessment regarding to each criterion. Grade of 5 

alternatives have been issued according to 4 criterions 

which are presented in Table 4. 

Table 4: Criteria rating value for alternatives 
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Criteria Alternatives G of Linguistic Variables 
Grey Number 

(Cj) (Ai) DM1 DM2 DM3 
ijG

 
Technical      

 UASB [5, 6] [5, 6] [6, 9] [5.33, 7.00] 

 UAFB [6, 9] [6, 9] [6, 9] [6.00, 9.00] 

 ABR [5, 6] [6, 9] [6, 9] [5.67, 8.00] 

 Contact Process [6, 9] [5, 6] [5, 6] [5.33, 7.00] 

 Anaerobic Lagoon [6, 9] [6, 9] [6, 9] [6.00, 9.00] 

Economical      

 UASB [6, 9] [6, 9] [6, 9] [6.00, 9.00] 

 UAFB [6, 9] [6, 9] [6, 9] [6.00, 9.00] 

 ABR [9, 10] [9, 10] [9, 10] [9.00, 10.0] 

 Contact Process [5, 6] [5, 6] [5, 6] [5.00, 6.00] 

 Anaerobic Lagoon [4, 5] [4, 5] [4, 5] [4.00, 5.00] 

Environmental      

 UASB [6, 9] [5, 6] [6, 9] [5.67 ,7.00] 

 UAFB [6, 9] [6, 9] [6, 9] [6.00, 9.00] 

 ABR [5, 6] [5, 6] [6, 9] [5.33,7.00] 

 Contact Process [5, 6] [5, 6] [5, 6] [5.00, 6.00] 

 Anaerobic Lagoon [4, 5] [4, 5] [4, 5] [4.00, 5.00] 

Administrative      

 UASB [4, 5] [4, 5] [5, 6] [4.33,5.33] 

 UAFB [5, 6] [5, 6] [5, 6] [5.00, 6.00] 

 ABR [5, 6] [6, 9] [6, 9] [5.67, 8.00] 

 Contact Process [5, 6] [6, 9] [5, 6] 5.33, 7.00] 

 Anaerobic Lagoon [6, 9] [5, 6] [6, 9] [5.67, 8.00] 

Step 3: The grey decision matrix is established by 

linguistic variables based on the grey number, as 

follow. 

       
       
       
       
       
























00.8,67.500.5,00.400.5,00.400.9,00.6

00.7,33.500.6,00.500.6,00.500.7,33.5

00.8,67.500.7,33.50.10,00.900.8,67.5

00.6,00.500.9,00.600.9,00.600.9,00.6

33.5,33.400.8,67.500.9,00.600.7,33.5

D

Step 4: Normalize the grey decision matrix is created 

as the result is illustrated in Table 5. 

 

 

 

Table 5: Grey normalized decision table 
Alternatives Technical  

(C1) 

Economical  

(C2) 

Environmental  

(C3) 

Administrative  

(C4) 

UASB [0.59, 0.78] [0.60, 0.90] [0.63, 0.89] [0.54, 0.67] 

UAFB [0.67, 1.00] [0.60, 0.90] [0.67, 1.00] [0.63, 0.75] 

ABR [0.63, 0.89] [0.90, 1.00] [0.59, 0.78] [0.71, 1.00] 

Contact Process [0.59, 0.78] [0.50, 0.60] [0.56, 0.67] [0.67, 0.88] 

Anaerobic Lagoon [0.67, 1.00] [0.40, 0.50] [0.44, 0.56] [0.71, 1.00] 

The normalization method mentioned above is to 

preserve the property that the ranges of the normalized 

grey umber belong to [0, 1]. 

Step 5: Establish the weighted normalized grey 

decision matrix. With considering, the weighted 

normalized grey decision matrix is calculated and the 

results are shown in Table 6. 

 ]70.0,53.0[]80.0,57.0[]90.0,60.0[]97.0,80.0[ jw

 

Step 6: The ideal alternative is made as a referential 

alternative as follow. 
 ]70.0,38.0[]80.0,38.0[]90.0,54.0[]97.0,53.0[max A

Step 7: Calculate the grey possibility degree between 

compared alternatives set A= {A1, A2, A3, A4, A5} 

and ideal referential alternative
maxA . 

   



n

j

jiji GVP
n

AAP
1

maxmax 1
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  688.0max  AAP UASB      

  595.0max  AAP UAFB      
  561.0max  AAP ABR  

  765.0max  AAP CP      
  765.0max  AAP AnL  

 

Table 6: Grey weighted normalized decision table 
Alternatives Technical (C1) Economical (C2) Environmental (C3) Administrative (C4) 

UASB [0.47, 0.75] [0.36, 0.81] [0.36, 0.71] [0.29, 0.47] 

UAFB [0.53, 0.97] [0.36, 0.81] [0.38, 0.80] [0.33, 0.53] 

ABR [0.50, 0.86] [0.54, 0.90] [0.34, 0.62] [0.38, 0.70] 

Contact Process [0.47, 0.75] [0.30, 0.54] [0.32, 0.53] [0.35, 0.61] 

Anaerobic Lagoon [0.53, 0.97] [0.24, 0.45] [0.25, 0.44] [0.38, 0.70] 

Step 8:  Rank the order of alternatives. When 

 max

iP A A
  is smaller, the ranking order of Ai 

is better. According to this method, the ABR process 

is the best anaerobic process and the ranking order of 

processes is as:  

ABR > UAFB > UASB > Contact process = 

Anaerobic lagoon 

Fuzzy Grey Relational Analysis Method 

Three DMs evaluate the importance of criteria by 

using the linguistic variables shown in Table 1. The 

importance weights of the criteria are shown in Table 

7. 

Linguistic variables which are presented in Table 2 

have been used for rating of alternatives assessment 

regarding to each criterion. Regarding to mentioned 

baselines, grade of 5 alternatives have been issued 

according to 4 criterions which are presented in Table 

8. 

Table 7: Importance weight of criteria from three decision-makers 
Criteria Linguistic variables Triangular fuzzy numbers 

DM1 DM2 DM3 

Technical  (0.80, 1.00,1.00) (0.70, 0.80,0.90) (0.80, 1.00, 1.00) (0.70, 0.93, 1.00) 

Economical (0.70, 0.80, 0.90) (0.70, 0.80, 0.90) (0.70, 0.80, 0.90) (0.70, 0.80, 0.90) 

Environmental (0.70, 0.80, 0.90) (0.70, 0.80, 0.90) (0.50, 0.65, 0.80) (0.50, 0.75, 0.90) 

Administrative (0.50, 0.65, 0.80) (0.50, 0.65, 0.80) (0.70, 0.80, 0.90) (0.50, 0.70, 0.90) 

Table 8: Criteria rating value for alternatives 

Criteria Alternatives TFN of Linguistic Variables Triangular Fuzzy 

Number (Cj) (Ai) DM1 DM2 DM3 

Technical      

 UASB (5, 6.5, 8) (5, 6.5, 8) (7, 8, 9) (5, 7, 9) 

 UAFB (7, 8, 9) (7, 8, 9) (7, 8, 9) (7, 8, 9) 

 ABR (5, 6.5, 8) (7, 8, 9) (7, 8, 9) (5, 7.5, 9) 

 Contact Process (7, 8, 9) (5, 6.5, 8) (5, 6.5, 8) (5, 7, 9) 

 Anaerobic Lagoon (7, 8, 9) (7, 8, 9) (7, 8, 9) (7, 8, 9) 

Economical      

 UASB (7, 8, 9) (7, 8, 9) (7, 8, 9) (7, 8, 9) 

 UAFB (7, 8, 9) (7, 8, 9) (7, 8, 9) (7, 8, 9) 

 ABR (8, 10, 10) (8, 10, 10) (8, 10, 10) (8, 10, 10) 

 Contact Process (5, 6.5, 8) (5, 6.5, 8) (5, 6.5, 8) (5, 6.5, 8) 

 Anaerobic Lagoon (4, 5, 6) (4, 5, 6) (4, 5, 6) (4, 5, 6) 

Environmental      

 UASB (7, 8, 9) (5, 6.5, 8) (7, 8, 9) (5, 7.5, 9) 

 UAFB (7, 8, 9) (7, 8, 9) (7, 8, 9) (7, 8, 9) 

 ABR (5, 6.5, 8) (5, 6.5, 8) (7, 8, 9) (5, 7, 9) 

 Contact Process (5, 6.5, 8) (5, 6.5, 8) (5, 6.5, 8) (5, 6.5, 8) 

 Anaerobic Lagoon (4, 5, 6) (4, 5, 6) (4, 5, 6) (4, 5, 6) 

Administrative      

 UASB (4, 5, 6) (4, 5, 6) (5, 6.5, 8) (4, 5.5, 8) 

 UAFB (5, 6.5, 8) (5, 6.5, 8) (5, 6.5, 8) (5, 6.5, 8) 

 ABR (5, 6.5, 8) (7, 8, 9) (7, 8, 9) (5, 7.5, 9) 

 Contact Process (5, 6.5, 8) (7, 8, 9) (5, 6.5, 8) (5, 7, 9) 

 Anaerobic Lagoon (7, 8, 9) (5, 6.5, 8) (7, 8, 9) (5, 7.5, 9) 
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The proposed method is currently applied to solve this 

problem and the computational procedure is 

summarized as follows: 

Step 1: Converting the linguistic evaluation into 

triangular fuzzy numbers to construct the fuzzy 

decision matrix X
~

and determine the fuzzy weight of 

each criterion as matrixW
~

.

 

       
       
       
       
       
























67.8,50.7,33.600.6,00.5,00.400.6,00.5,00.400.9,00.8,00.7

00.9,00.8,00.700.8,50.6,00.500.8,50.6,00.533.8,00.7,67.5

67.8,50.7,33.633.8,00.7,67.50.10,0.10,00.867.8,50.7,33.6

00.8,50.6,00.500.9,00.8,00.700.9,00.8,00.700.9,00.8,00.7

33.8,00.7,67.533.8,00.7,67.500.9,00.8,00.733.8,00.7,67.5

~
X

 

        87.0,75.0,63.093.0,87.0,73.083.0,70.0,57.000.1,00.1,80.0
~
W

 

Step 2: Constructing the normalized fuzzy decision matrix as R
~

. 

       
       
       
       
       
























96.0,83.0,70.067.0,56.0,44.060.0,50.0,40.000.1,89.0,78.0

00.1,89.0,78.089.0,72.0,56.080.0,65.0,50.093.0,78.0,63.0

96.0,83.0,70.093.0,78.0,63.000.1,00.1,80.096.0,83.0,70.0

89.0,72.0,56.000.1,89.0,78.090.0,80.0,70.000.1,89.0,78.0

93.0,78.0,63.093.0,78.0,63.090.0,80.0,70.093.0,78.0,63.0

~
R

 

Step3: Constructing the weighted normalized fuzzy decision matrix asY
~

. 

       
       
       
       
       
























84.0,63.0,44.062.0,48.0,32.050.0,35.0,23.000.1,89.0,62.0

87.0,67.0,49.083.0,63.0,41.066.0,46.0,29.093.0,78.0,50.0

84.0,63.0,44.086.0,68.0,46.083.0,70.0,46.096.0,83.0,56.0

77.0,54.0,35.093.0,77.0,57.075.0,56.0,40.000.1,89.0,62.0

81.0,58.0,40.086.0,68.0,46.075.0,56.0,40.093.0,78.0,50.0

~
Y

 
Step 4: Determining FPIS and FNIS as: 

   nyyyY ~,...,~,~
21 ,  

   nyyyY ~,...,~,~
21 ,

        87.0,67.0,49.093.0,77.0,57.083.0,70.0,46.000.1,89.0,62.0
~

Y
 

        77.0,54.0,35.062.0,48.0,32.050.0,35.0,23.093.0,78.0,50.0
~

Y
 

Step 5: Calculating the fuzzy grey relational coefficient of each alternative from FPIS and FNIS as follow. 

 























 

79.035.033.000.1

00.153.044.060.0

79.063.000.174.0

55.000.161.000.1

66.063.061.060.0

ij


 

 























 

62.083.000.150.0

54.000.157.074.0

62.050.033.060.0

90.035.042.050.0

74.044.042.074.0

ij


 
Where, the identification coefficient ρ= 0.5. 

Step 6: The output degree of fuzzy grey relational 

coefficient of each alternative is:  

62.0
1
 ,     79.0

2
      79.0

3
      64.0

4
      

62.0
5
  

59.0
1
      54.0

2
       51.0

3
       

71.0
4
       74.0

5
  

Step 7: Calculating the fuzzy relative relational 

degree of each alternative from FPIS using the 
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following equation.         
)/(   iiiiC 

,    i=1, 

2, …, m. 

C1=0.51,    C2=0.59,    C3=0.61,    C4=0.47,    

C5=0.46 

Step 8: If any alternative has the highest Ci value, then, 

it is the most important alternative. According to the 

fuzzy relative relational degree, the ranking order of 

all alternatives can be determined. According to the 

fuzzy relative relational degree, the ranking orders of 

the five candidates are ABR, UAFB, UASB, contact 

process and anaerobic lagoon. Obviously, the best 

selection is ABR processes. 

To evaluate, and to compare this model, two methods 

were proposed. The findings of these methods, proved 

the conformity of this model. Meanwhile, the results 

of this model have confirmed by experts opinions and 

in the real conditions of exploitation. The model could 

cover the uncertainties and could consider the 

quantities and qualities of the effective priorities. 

 

DISCUSSION 
Accuracy of a model depends on the characteristics of 

the dataset, which has considerable uncertainty. The 

inherent uncertainty in wastewater treatment process 

selection criteria has significant impact on estimation 

accuracy because these criteria are measured based on 

human judgment and are often vague and imprecise. 

By integrating fuzzy set theory with grey relational 

analysis, this challenge is overcome. 

In this regard, the fuzzy set theory is used to reduce 

vagueness and GRA is used to assess resemblance 

between two alternatives. In conventional multi-

criteria decision making (MCDM) methods the ratings 

and the weights of criteria must be known precisely. 

However, in many situations judgments are uncertain 

and cannot be estimated by an exact numerical value. 

So, in the fuzzy grey relational analysis (GRA) method 

that has been proposed based on the grey and fuzzy 

theory, assessment of alternatives with respect to 

criteria and the importance weights have been 

described by the linguistic variables instead of 

numerical values. Then a vertex method, which is an 

effective and simple method, has been used to measure 

the distance between two triangular fuzzy numbers. 

By studying the concept of the GRA and representing 

the fuzzy relative relational degree, the ranking of all 

other alternatives was determined by the use of FPIS 

and FNIS at the same time. Finally, the anaerobic 

wastewater treatment process selection as a case study 

according to Iran’s industrial estates condition has 

been carried out and solved by both GRA and fuzzy 

GRA methods. Comparison of ranking order of 

alternatives in two methods shows the same results. 

So, the grey theory and fuzzy theory are useful in study 

of uncertainty in problems with vagueness and 

imprecise data.  Flexibility is the key feature of GRA 

which makes it a better method to deal with the 

uncertainty than fuzzy sets theory. The proposed 

criterions in this study were in relative agreement with 

the other MCDM studies [24-25]. The fuzzy theory 

was also used in other studies which investigate 

choosing the best WW treatment process. In another 

study, Fuzzy Analytic Hierarchy Process multi-criteria 

method was investigated, in which triangular fuzzy 

numbers were used to cover vagueness and 

uncertainties of the DM process [26].  

In the case of selecting the best treatment process, it's 

not rational to generalize the best process for all 

situations. According to the diversity of treatment 

processes, in each case, the best choice should be 

selected. Therefore, using the models which can 

prioritize criterions by their weights and their 

importance, is a crucial decision. The Fuzzy GRA 

model, considers all different criterions, covers 

uncertainties in the weighting of criterions and 

exhibits the importance of the criterions by using the 

fuzzy linguistic variables. 

To conquer difficulties of DM, the proposed method 

seems to be useful for decision makers. Also to test the 

model's reliability, the model's results were validated 

by actual case studies. The effectiveness of the 

proposed method is verified through an actual case 

study. The study indicates that such an approach can 

provide a useful tool for the complicated multiple 

objective decision-making to obtain scientific and 

reasonable results for decision makers. The results of 

this study, which has assessed the prioritization of the 

anaerobic treatment processes of Iran's industrial 

parks, are confirmed by the in situ facts and the 

technical assessments of WWTPs. Therefore, this 

model can be used for WWT process, based on each 

case's features. 

 

CONCLUSION 
This study investigated the clean-up efficiency of S/S 

The wastewater treatment process selection is a 

complicated multiple objective decision-making 

processes. Uncertainty and complexity are the most 

important characteristics. Choosing the best treatment 

process is one of the most important measures of 

designing and operation of WWTPs. In each case, 

depending on the circumstances, a specific option can 

be in priority. Thereby, using a method in which it 

considers specific parameters commiserate with their 

weighting and criterion is important. With regard to 

the weighting factors are based on experts' comments 

and their experience, using fuzzy numbers help the 

researchers to reach a better conclusion out of 

uncertainties. In this study, to consider all effective 

parameters, Fuzzy GRA was used. Also to evaluate 
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model's results, anaerobic processes in the Iran 

industrial park's WWTPs were evaluated by Fuzzy 

GRA and GRA methods based on experts' comments 

on each specific process and field facts in the WWTPs. 

The arrangement order of the studied processes was 

ABR, UAFB, UASB, Contact process and anaerobic 

lagoon. The best treatment process was ABR. Not only 

were both methods' results similar to each other, but 

also the arrangement order of processes was the same 

as the field facts. 
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